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ABSTRACT 

Two methods are presented in this document 
for optimizing individual spacecraft-star navigation 
measurements along the nominal concentric flight 
plan rendezvous trajectory for the Apollo program. 
In the first method, a star is selected which will 
minimize the relative root-mean-square position 
e r r o r s  at the measurement time. In the second 
method, a star is selected which will lie closest to 
the measurement plane defined by the inertial posi- 
tion vectors of the Command Service Module and the 
Lunar Module. These spacecraft-star measurements 
a r e  made up to the circularization maneuver ; there- 
after only spacecraft-lunar horizon measurements 
are made. Both measurement types are processed 
using a Kalman filter which simultaneously solves 
for relative Lunar Module-Command Service Module 
state, inertial Command Service Module state, and 
the sextant bias. 
that fewer stars a r e  required for  the second method 
outlined, and that both methods produce comparable 
uncertainties at rendezvous. 

The results of the study indicate 
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ANALYSIS OF SEXTANT NAVIGATION MEASUREMENTS 

DURING LUNAR MODULE RENDEZVOUS 

By T. B. Murtagh 
Manned Spacecraft Center 

SUMMARY 

Two methods are presented in this document for optimizing individual spacecraft- 
star navigation measurements along the nominal concentric flight plan rendezvous tra- 
jectory for the Apollo program. In the first method, a star is selected which will 
minimize the relative root-mean-square position e r r o r s  at the measurement time. In 
the second method, a star is selected which will lie closest to the measurement plane 
defined by the inertial position vectors of the Command Service Module and the Lunar 
Module. These spacecraft-star measurements a re  made at specified intervals up to 
the circularization maneuver. Thereafter, only spacecraft-lunar horizon measure - 
ments a re  made, assuming a 1/2-nautical mile lunar -horizon uncertainty. Both 
measurement types a re  processed using a Kalman filter which simultaneously solves 
for relative Lunar Module -Command Service Module state, for inertial Command 
Service Module state, and for the sextant bias. Although this does not simulate the 
filter planned for the rendezvous phase of the Apollo mission, the inclusion of the 
Command Service Module inertial state e r r o r s  was necessary to present a realistic 
e r r o r  analysis of the handheld space sextant as a backup navigational aid during ren’- 
dezvous. Each of the measurement types is assumed to be made using a handheld 
space sextant with an overall accuracy of 30 a r c  seconds and an initial 60-arc-second 
bias. The results of the study indicate that fewer stars are required for the second 
method outlined above. Both methods produce comparable uncertainties at rendezvous. 
For the cases considered, these uncertainties in total root-mean-square relative 
position and velocity were of the order of 0. 25 nautical mile and 2.0 fps. 

INTRODUCTION 

During the Lunar Module -Command Service Module (LM/CSM) rendezvous phase 
of the Apollo Lunar Landing Mission, navigation of the Lunar Module (LM) will be 
based upon observations of the Command Service Module (CSM). The primary guid- 
ance and navigation system will utilize either rendezvous radar range and range-rate 
measurements o r  optical tracker azimuth and elevation measurements of the line of 
sight between the two vehicles as input to the guidance equations to control the mid- 
course and terminal phases of the rendezvous maneuver. In either case, the tracking 
unit is capable of providing automatic relative position data and/or velocity data 



typically processed on board at 1-minute intervals. As a backup to the primary guid- 
ance and navigation (G&N) system, the handheld space sextant is currently being 
considered to provide manual tracking of the CSM during the rendezvous maneuvers 
in the event of a failure of the onboard automatic tracking unit. 

Two types of measurements utilizing the sextant and involving CSM observation 
a re  the CSM-star and CSM-horizon included angle measurements. The first type can 
be optimized by the judicious choice of the star to be involved; the second type can be 
optimized only insofar as either the earth horizon or the lunar horizon can be chosen 
(provided that the earth is visible). In this study only the lunar horizon was used. 

Many criteria can be used in choosing the star involved in the measurement. 
this paper only two criteria were employed. The first involved selection of a star 
which would minimize the total relative root-mean-square (rms) position uncertainty 
at the measurement time. 
plane. This plane is defined by the inertial position vectors of the CSM and LM at 
each measurement time. 

In 

The second would select a star nearest to the measurement 

This study attempts to present a realistic evaluation of the handheld space sex- 
tant as a backup navigational aid during rendezvous. The study also presents two 
methods of optimizing individual spacecraft-star measurements using the nominal 
concentric flight-plan rendezvous trajectory. 

A digital computer program (NAVIGATE) was used to simulate the dynamics of 
the problem as well as to process the optical measurements by using a Kalman filter. 
As previously mentioned, this filter simultaneously solves for the relative LM/CSM 
state, the inertial CSM state, and the sextant bias to partially account for the uncer- 
tainty in the command module orbit. Although this does not simulate the filter planned 
for the rendezvous phase of the Apollo mission, the inclusion of the CSM uncertainties 
was  necessary to present a more realistic e r ro r  analysis of sextant performance as a 
navigation sensor. 

SYMBOLS 

scalar defined by equation (A8) 

covariance matrix of state estimation e r r o r s  

covariance matrix defined by equation (Al)  

variance of sextant bias estimation e r r o r s  

initial error in estimate of inertial CSM position vector 

e r r o r  in estimate 

matrix defined by 

of inertial CSM 

equation (A3) 

position vector 
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moon 
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- 0  
S 
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tM 

G(t) 

gradient of gravity with respect to position derived from relative LM/CSM 
equations of motion 

gradient of gravity with respect to position derived from CSM equations 
of motion 

sensitivity vector defined by equation (Bl) 

three-by-three identity matrix 

weight vector defined by equation (A6) 

scalar defined by equation (A7) 

parameter defined by equation (C2) 

expected value of included angle computed from current estimate of state 
vector 

scalar defined by equation (A9) 

inertial CSM position vector 

magnitude of inertial LM position vector 

inertial LM position vector 

magnitude of moon radius 

magnitude of planet radius 

unit vector to star 

measurement time 

T matrix defined by E(t) = W(t)W (t) 

updated matrix defined by equation (A5) 

state vector estimate extrapolated to measurement time 
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updated estimate of state vector defined by equation (A4) 

vector defined by equation (B2) 

vector defined by equation (B4) 

angle between zcl and lunar horizon line (fig. 2) 

vector defined by equation (B2) 

vector defined by equation (B3) o r  (B5) 

angle between lunar horizon line and FLM (fig. 2) 

difference between value of included angle actually measured and the 
expected value of the angle computed from current estimate of state 
vector 

parameter defined in equation (Cl) 

initial e r r o r  in estimate of inertial CSM velocity vector 

e r ro r  in estimate of inertial CSM velocity vector 

initial e r r o r  in estimate of relative LM/CSM position vector 

e r ro r  in estimate of relative LM/CSM position vector 

initial e r r o r  in estimate of relative LM/CSM velocity vector 

e r r o r  in estimate of relative LM/CSM velocity vector 

angle between 7 

magnitude of relative LM/CSM position vector 

relative LM/CSM position vector 

and zcl (fig. 1) S 
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horizon variance 2 
H (T 

sextant variance 2 
I U 

total variance defined by equation (A9) 2 
T (T 

Vx( ) gradient of ( ) with respect to state vector 

Subscripts : 

0 initial value 

i 1,2, . . . , 20 stars 

Superscripts : 

T transpose 

Operators : 

( - 1  derivative of ( ) with respect to time 

(9 estimate of ( ) 

ANALYSIS 

Description of Navigation System 

The pertinent navigation system equations are developed and presented in appen- 
dix A. The state variables employed in the simulated minimum variance estimator 
are the inertial position and velocity of the CSM, the relative position and velocity of 
the LM with respect to the CSM, and the sextant bias. With this estimation scheme, 
both the inertial CSM e r r o r s  and the bias e r r o r s  can be determined. Other e r ro r  
sources could be accounted for in the state variable array,  but these two e r ro r  sources 
are the primary ones to be considered, with others second order by comparison. 

Measurement Types 

The two measurement types considered in this study, adaptable to an optical 
device such as the handheld space sextant described in reference 1, are the 
spacecraft-star and spacecraft-horizon included angle measurements. The geometry 
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of the spacecraft-star measurement is illustrated in figure 1, and the spacecraft- 
horizon geometry is presented in figure 2. In this study, only spacecraft-lunar 
horizon measurements are employed, although spacecraft-earth horizon measurements 
are possible if the earth is visible. The angles and P, defined in figures 1 and 2, 
respectively, are the measurement parameters incorporated into the filter equations. 
The sensitivity vectors for each of these measurement types relate measurement 
deviations to relative state deviations and are developed and presented in appendix B. 

Optimum Star Selection 

Two methods were utilized to select the star involved in the CSM-star included 
angle measurement. In the first method, a star was selected which minimized the 
total rms  relative position uncertainty at the measurement time. For the ideal case of 
zero sensor random e r r o r s  this implies the selection of a star which would produce a 
sensitivity vector parallel to the principal eigenvector of the covariance hatrix at the 
time of the measurement (see ref. 2). 

In the second method, the selected star was nearest the plane defined by the 
inertial position vectors of the CSM and the LM at each measurement time. The 
numerical optimization technique employed in implementing the above criteria is 
discussed in appendix C. 

Assumptions 

1. The nominal concentric flight-plan rendezvous trajectory (ref. 3) was used to 
generate the results presented in this paper. The basic geometry of this trajectory is 
illustrated in figure 3. All maneuvers were assumed to be implusive. 

2. The assumed random e r ro r  for the combined optical system (sextant, astro- 
naut, and spacecraft window) was 30 a rc  seconds; the initial estimate of the sextant 
bias was  assumed to be 60 a r c  seconds. 

3. The uncertainty in defining the lunar horizon was assumed to be 1/2 nautical 
mile. The model used to compute the total optical system variance when processing 
spacecraft-lunar horizon measurements is given in appendix A. 

4. The angle between the line of sight to the CSM and the line of sight to either 
a star or  the lunar horizon was not allowed to exceed an assumed field-of-view con- 
straint of 50". 

5. The initial covariance matrix of the CSM inertial state estimation e r r o r s  was  
diagonal with total rms  position and velocity e r ro r s  equal to 1500 f t  and 1.0 fps. The 
initial covariance matrix of the LM inertial state estimation e r r o r s  was obtained by 
an analysis of the powered phase of the LM ascent from the lunar surface. The sum 
of the initial CSM and LM inertial covariance matrices was then used to represent the 
initial relative LM/CSM covariance matrix. The resulting total initial relative r m s  
position and velocity e r r o r s  were 3000 f t  and 9.9 fps. 
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Description of Simulation 

A digital computer simulation (NAVIGATE) was used to generate the results 
presented in this document. 
numerical integrator, a star and planet ephemeris, a Gaussian random number gener- 
ator, and a Kalman Linear Filter for processing sensor data. 

The basic components of this simulation a r e  a precision 

The equations of motion are derived on the basis of including the gravitational 
effects of the moon on the vehicle, including tri-axiality perturbations, and a spheri- 
cal and homogeneous sun and earth. The position and velocity of the spacecraft are 
numerically integrated in an inertial rectangular coordinate system with the x- and 
y-axes in a plane parallel to the earth equatorial plane. 
in the direction of the first point of Aries, the z-axis is parallel to the earth polar 
axis, and the y-axis completes the orthogonal right-hand triad. 

The positive x-axis is taken 

A star and planet ephemeris is also a part of the integrator package, capable of 
generating unit vectors to any one of approximately 1500 stars given a time and some 
state vector in inertial space. The calculation of appropriate planet positions at this 
specified time then determines whether a particular star is visible. 
abbreviated star catalogue was  used which consists of 20 stars chosen from the 54-star 
catalogue set  up in the Apollo Guidance Computer for inertial platform alinement (see 
table I). The right ascensions and declinations given in this table a r e  mean values for 
a 1963.0 epoch. 

For this study an 

The Gaussian random number generator is used to compute initial random er ror  
vectors using the eigenvalues and eigenvectors of the initial covariance matrix of state 
estimation errors .  
state vector to calculate a simulated onboard estimated state vector. 

Thes.e random er ror  vectors a r e  then added to the initial actual 

Finally, the Kalman Linear Filter equations a r e  used to propagate and update the 
initial covariance matrix of state estimation e r ro r s  and to process the included angle 
data from the sextant. The r m s  position and velocity e r rors ,  computed from the 
square root of the trace of the covariance matrix, a r e  presented as computer output in 
a locally level inertial coordinate system which displays both in-plane and out-of -plane 
e r rors .  
craft (altitude); the y-axis is in the direction of the velocity (range); and the z-axis is 
along the orbital angular momentum vector (track). The e r ro r s  in this system a r e  then 
designated as altitude, range, or track e r ro r s  - or  their time rate  of change - and a r e  
presented as such in the graphs which appear in the following pages. 

The x-axis of this coordinate system is along the radius vector to the space- 

RESULTS AND DISCUSSION 

Trajectory Constraints and Navigation Measurements 

The epoch time selected is the termination of the powered phase of the LM ascent 
from the lunar surface (burnout). The final time corresponds to rendezvous (roughly 
2.4 hours after burnout). No navigation measurements were processed during the 
6 minutes after burnout or during the 20 minutes prior to rendezvous. These con- 
straints were imposed because of other assumed astronaut duties during these intervals. 
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Since stars will only be visible in darkness, CSM-star measurements were performed 
only during the interval from 6 minutes after burnout up to the circularization maneu- 
ver. After the circularization maneuver, only the CSM-lunar horizon measurements 
were performed. 

Effect of No Measurements 

The effect of making no measurements on the relative LM/CSM position and 
velocity e r ro r s  from burnout to rendezvous is presented in figures 4 and 5, respec- 
tively. The initial altitude and range e r ro r s  of 0. 2 and 0.3 nautical mile r i se  rather 
quickly to 7.0 and 41.0 nautical miles, respectively. The track e r ror  displays an 
oscillatory behavior and never exceeds 1 .3  nautical miles in the time interval shown. 
The initial altitude rate  and range rate  of 3. 6 and 6.1 fps also rise to values of 
224.0 and 26.0 fps, respectively. The track rate  e r ro r  is also oscillatory, and never 
exceeds 7.0 fps in the region of interest. 

Stars Chosen to Minimize Total Relative Root- 
Mean-Square Position Error  

Time histories of r m s  relative position and velocity uncertainties for the case 
of measurements based on stars chosen to minimize the total relative r m s  position 
uncertainty at each measurement time a r e  given in figures 6 to 9. The position and 
velocity uncertainties given in figures 6 and 7, respectively, a r e  based on measure- 
ments processed at 2-minute intervals. This schedule resulted in the processing of 
38 CSM-star measurements and 10 CSM-lunar horizon measurements. The compara- 
tively small number of horizon measurements processed was because the angle between 
the line of sight to the CSM and the line of sight to the horizon exceeded the field-of- 
view constraint previously described. The resulting r m s  relative altitude, range, and 
track e r ro r s  at rendezvous were 0.06, 0.25, and 0.01 nautical mile; the corresponding 
relative altitude, range and track rate e r ro r s  were 1.35, 0.20 and 0.06 fps. 

Figures 8 and 9 present the r m s  position and velocity uncertainties processing 

For this case, 13 spacecraft-star measurements were processed, and 
measurements at 6-minute intervals with the same schedule as described for fig- 
ures  6 and 7. 
only 3 spacecraft-horizon measurements were processed. The altitude, range, and 
track e r ro r s  a t  rendezvous for this case were 0.08, 0.32, and 0.01 nautical mile; the- 
corresponding rate e r r o r s  were 1.70, 0.31, and 0.07 fps. 

From these data it appears that the resulting uncertainties at rendezvous are not 
too sensitive to the sighting frequency. 
logue were utilized for both cases presented. 

Also, 9 of the 20 stars in the simulated cata- 

Stars Chosen Nearest the Measurement Plane 

Time histories of relative r m s  position and velocity uncertainties of measure- 
ments based on stars chosen nearest the measurement plane are given in fig- 
ures  10 and 11 for the 2-minute schedule, and in figures 12 and 13 for the 6-minute 
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schedule. 
e r ro r s  at rendezvous were 0.06, 0.25, and 0.01 nautical mile; the corresponding rate 
errors lwere 1.36, 0.20, and 0.08 fps. For  the 6-minute schedule, the r m s  position 
e r r o r s  (altitude, range, and track components) at rendezvous were 0.07, 0.31, and 
0.01 nautical mile; the corresponding rate  e r ro r s  were 1.65, 0.25, and 0.09 fps. 

For the 2-minute schedule, the resulting r m s  altitude, range, and track 

A comparison of these datawith the datapresented in the previous section indicates 
that fewer stars were required when the selected stars were nearest to the measure- 
ment plane for both measurement intervals. In this case, only four stars were used 
for both sighting frequencies as opposed to the nine stars required in the previous case. 

Effect of CSM-Horizon Measurements 

Finally, the above cases were computed again except that no spacecraft-horizon 
These results are measurements were processed after the circularization maneuver. 

summarized in table 11 where a comparison of the uncertainties at rendezvous is dis- 
played both with and without processing sensor measurements after circularization. 
The horizon measurements made after circularization reduced the uncertainties at 
rendezvous by a factor of three, compared with the cases where no measurements were 
made after circularization. 

CONCLUDING REMARKS 

Two methods for optimizing individual CSM-star navigation measurements along 
the nominal LM concentric flight plan rendezvous trajectory have been presented. The 
first method selected stars on the basis of minimizing the total relative r m s  position 
e r r o r s  at each measurement time. The second method selected the star nearest the 
measurement plane. The CSM-star measurements were processed at specified inter - 
vals up to the circularization maneuver; thereafter, only CSM-lunar horizon measure- 
ments were proces.sed. The results of the study indicate that fewer stars are required 
for the second method and that both methods produce comparable e r ro r s  at rendezvous. 
The sighting frequency was not critical where the uncertainties at rendezvous were 
concerned. 
the uncertainties at rendezvous by a factor of three when compared with the cases 
where no measurements were processed after circularization. 

Also, the CSM-horizon measurements made after circularization reduced 

National Aeronautics and Space Administration 
Manned Spacecraft Center 

Houston, Texas, December 7, 1966 
981 -89 -00-00 -72 
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APPENDIX A 

E(to)  = 

NAVIGATION SYSTEM EQUATIONS 

0 

In order to update the estimates of relative LM/CSM position and velocity, 
navigation measurements are required. As part of the navigation technique, certain 
statistical data must be maintained to assist in the processing of the navigation meas- 
urements. If e(t) and %(t) are the e r ro r s  in the estimates of the inertial CSM posi- 
tion and velocity, respectively, and T(t) and G(t) are the e r r o r s  in the estimates of 
the relative LM/CSM position and velocity, respectively, then the initial 
13-dimensional covariance o r  correlation matrix E(tO) is defined by 

-- 
- T -  T 
6oeo 6030 

0 

0 1 :  0 

0 0 0 

0 0 0 

-- 
T o  coco <ova 

T - -  - -  

0 0 Efi 

where the zero subscripts denote values at to, and Efi is the variance of the sextant 

bias estimation errors .  However, in order to insure that E(t) will at least remain 
positive and semidefinite, the substitution E(tO) = W(tO)W (to) is made, and this 

initial W-matrix is then extrapolated by direct numerical integration of the equation 

T 

W(t) = F(t)W(t) (A2) 
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The 13-dimensional matr ix  F(t) is defined by 

F(t) = 

0 I O  0 0  

0 0  0 0  GCSM 

0 0 0  I O  

0 0 GCL 0 0 

- 0 0 0  0 0  

where I is a three-by-three identity matrix and GCSM and GCL are also three- 

by-three matrices conventionally referred to as gravity gradient matrices. The 
elements of these matrices were evaluated from the equations of motion which, for 
this study, were assumed to include the effects of the moon tri-axiality on the space- 
craft motion and the effects of a spherical and homogeneous sun and earth. When a 
navigation measurement is made, the updated estimate of the state vector is computed 
from 

* A x(t) = x(t) + K(t)AQ (A41 

and that of the W-matrix from 

W(t) * = W(t) A [ I - WT( t)HT(t)H(t) W( t) ] 
M(t>( l  + C )  

The value of the weight vector K(t) is chosen optimally so that the mean-squared 
position and velocity uncertainties a re  simultaneously minimized. 
equation 

It is defined by the 

K(t) = W(t)WT(t)HT(t)M-l(t) (A61 

with the matrix M(t) defined by 

M(t) = H(t)W(t)WT(t)HT(t) + R(t) (A71 

11 



and 

For the measurement types considered in this study, both M(t) and R(t) a r e  scalar 
quantities. 
e r r o r s  and is given by 

The quantity R(t) is defined as the covariance matrix of the measurement 

2 
2 2  uH R(t) = uT = uI 

When spacecraft-star measurements are processed, aH = 0 in this equation. 

Finally, AQ is the difference between the value of the included angle actually 
measured and the expected value of the angle computed from the current estimate of 
the state vector. 
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APPENDIX B 

SENSITIVITY VECTORS FOR SPACECRAFT-STAR AND 

SPACECRAFT-HORIZON MEASUREMENT TYPES 

The sensitivity vector E(t), which relates measurement deviations to relative 
state deviations, is a function of the geometrical configuration of the celestial body 
(star or horizon) from which the measurement is made, and may be written 

where and a r e  six-dimensional column vectors defined as 

For  the spacecraft-star measurement al is a null vector, and p1 can be written 

cos @ - S - 
R =  pc1 pcl sin o 1 pc12sin 

For the spacecraft-horizon measurement Y1 is defined as 

13 



and El is written 

r 

sin( fi + y)r LM 

1 moon 
E l =  [ -3- sin(fi + y)pclr LM cos y r LM 

3 Pcl 
cos(l3 + y) 1 

sin(l3 + y)p cl r LM 

It should be noted that the angles @ and R appearing in these equations are 
restricted to values <50° according to the field-of -view constraint outlined in the 
assumptions sectionsf the text. 
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APPENDIX C 

NUMERICAL OPTIMIZATION TECHNIQUE 

FOR STAR SELECTION 

When selecting stars on the basis of minimizing the total r m s  relative position 
uncertainty at the measurement time, the following procedure was used. 

Equation (A5) can be rewritten 

W(tM) * = W( tM) - AWi( tM) 

A ,. 
where AWi(tM) represents the change in W(t ) as a result of processing the meas- M n 

urement at the measurement time t At each tM, AW. is computed for  each of M' ,. 1 
the 20 stars (i = 1, 2, . . . , 20), and the AW. which produces the maximum reduction 
in total relative position e r ror  selects the star to be used. 

1 

The selection of stars nearest the measurement plane involved a simpler pro- 
cedure. Using the equation 

at each measurement time, that star is selected which produces the minimum I Pi I .  

15 
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TABLE I. - ABBREVIATED 20-STAR CATALOGUE USED 

WITH DIGITAL COMPUTER SIMULATION 

Star name 

a! Andromedae 

a! Eradani (Achernar) 

a! Tauri (Aldebaran) 

a! Aurigae 

cy Orionis 

a! Carinae 

a! Canis Majoris (Sirius) 

a! Canis Minoris (Procyon) 

B Geminorum (Pollux) 

B Carinae 

cy Leonis (Regulus) 

r) Ursae Majoris 

a! Bootis (Arcturus) 

a! Centauri 

a! Scorpii (Antares) 

a! Lyrae (Vega) 

CY Aquilae 

a! Cygni (Deneb) 

a! Piscis Austrini (Fomalhaut) 

a! Ursae Minoris (Polaris) 

Magnitude 

2.1 

0.6 

1.1 

0. 2 

0.9 

-0.9 

-1. 6 

0.5 

1.2 

1.8 

1.3 

1.9 

0.2 

0.1 

1. 2 

0.1 

0.9 

1.3 

1.3 

2.1 

Right ascension, 
deg 

- 

1.45 

23.97 

68.26 

78.25 

88.12 

95.71 

100.73 

114. 17 

115.56 

138.17 

151.42 

-153.61 

-146.66 

-140.98 

-113.42 

-81.19 

-62.91 

-50.07 

-16.27 

27.31 

Declination, 
deg 

28.81 

-57.49 

16.40 

45.94 

7.39 

-52.66 

-16.65 

5.35 

28.14 

-69.50 

12.21 

49.55 

19.43 

-60.62 

-26.32 

38.73 

8.73 

45.10 

-29.89 

89.03 
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Root- 
mean- 
'quare 

relative 
track 

e r r o r ,  
n. mi. 

Root - 
mean- 
square 

relative 
altitude 

rate 
e r ro r ,  

fP s 

TABLE If. - COMPARISON OF UNCERTAINTIES AT RENDEZVOUS - SPACECRAFT-HORIZON 

MEASUREMENTS PROCESSED AFTER CIRCULARIZATION AND NOT PROCESSED 

AFTER CIRCULARIZATION 

Sensor spacecraft-horizon measurements 
processed after circularization 

Sensor spacecraft-horizon measurements 
not processed after circularization 

I 
Root- 
mean- 
square 

relative 
range 
rate 
e r ro r ,  
fP s 

Root - 
mean- 
square 

relative 
range 
rate 

e r ro r ,  
fps 

0.45 

Root - 
mean- 
square 

relative 
track 
rate 

e r ro r ,  
fps 

0.06 

0.07 

0.08 

0.09 

Root- 
mean- 
square 

relative 
altitude 

rate 
e r ro r ,  

fP S 

3.45 

Root- 
mean- 
square 

relative 
track 
ra te  

e r ro r ,  
fps 

0.06 

Root- 
mean- 
square 

relative 
range 
e r r o r ,  
n. mi. 

Root - 
mean- 
square 

relative 
range 
e r r o r ,  
n. mi. 

0.01 

Root - 
mean- 
square 

relative 
track 

e r ro r ,  
n. mi. 

0. 13 

0. 18 

Root - 
mean- 
square 

relative 
altitude 
e r r o r ,  
n. mi. 

0.66 

Root- 
mean- 
square 

relative 
altitude 
e r ro r ,  
n. mi. 

Case 
number 

5 '  0.06 

bII 0.08 5F 
0.01 1.36 

0. 25 

0.32 

0.25 

0.20 

0.31 0.94 0.01 4.81 0.07 0.62 

0. 48 

0.60 

0.20 0. 14 cIII 0. 06 0.01 

0.01 

3.64 

4.57 

0.08 

0.09 

0.70 

0. 89 0.31 0.01 I 1.65 0. 25 0. 17 5 V  0. 07 

aMeasurements processed at  2-minute intervals, selecting s t a r s  to minimize total relative r m s  position at each 

bSame as in case I, with measurements processed at 6-minute intervals. 

dSame as in case 111, with measurements processed at 6-minute intervals. 

measurement up to circularization. 

C Measurements processed at  2 -minute intervals, selecting s t a r s  nearest measurement plane up to circularization. 



Rendezvous 

Figure 1. - Geometry of spacecraft-star included angle measurement. 

Rendezvous 

Moon / 

Figure 2. - Geometry of spacecraft-lunar horizon included 
angle measurement. 
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CSM circular lunar orbit 

1 - Termination of LM 
ascent thrust 

2 - 90" maneuver 
3 - Circularization maneuver 

Figure 3. - Basic geometry of the nominal concentric flight plan 
rendezvous trajectory. 
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Figure 4. - No measurements processed from burnout to rendezvous. 
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Figure 4. - Continued. 
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Figure 4. - Concluded. 
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Figure 5. - No measurements processed from burnout to rendezvous. 
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Figure 5. - Continued. 
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Figure 6. - Spacecraft-star measurements choosing stars to minimize total relative 
r m s  position processed every 2 minutes up to circularization; spacecraft-lunar 
horizon measurements processed thereafter. 
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Figure 6.-  Continued. 
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Figure 7. - Spacecraft-star measurements choosing stars to minimize total relative 
r m s  position processed every 2 minutes up to circularization; spacecraft-lunar 
horizon measurements processed thereafter. 
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Figure 7. - Continued. 
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(c) Relative track rate e r ro r .  

Figure 7. - Concluded. 
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(a) Relative altitude error.  

Figure 8. - Spacecraft-star measurements choosing s tars  to minimize total relative 
rms  position processed every 6 minutes up to circularization; spacecraft-lunar 
horizon measurements processed thereafter. 
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Figure 9. - Spacecraft-star measurements choosing stars to minimize 
total relative r m s  position processed every 6 minutes up to circu- 
larization; spacecraft-lunar horizon measurements processed there- 
after. 
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Figure 10. - Spacecraft-star measurements choosing stars nearest the meas- 
urement plane processed every 2 minutes up to circularization; spacecraft- 
lunar horizon measurements processed thereafter. 
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Figure 10. - Concluded. 
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Figure 11. - Spacecraft-star measurements choosing stars nearest the meas- 
urement plane processed every 2 minutes up to circularization; spacecraft- 
lunar horizon measurements processed thereafter. 
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Figure 11. - Continued. 
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Figure 12. - Spacecraft-star measurements choosing stars nearest the meas- 
urement plane processed every 6 minutes up to circularization; spacecraft- 
lunar horizon measurements processed thereafter. 
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Figure 12. - Continued. 
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Figure 13.  - Spacecraft-star measurements choosing stars nearest the meas- 
urement plane processed every 6 minutes up to circularization; spacecraft- 
lunar horizon measurements processed thereafter. 
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Figure 13. - Continued. 

49 



0 .2 . 4  . 6  .8 1.0 1.2 
Time, hr  

1.4 1.6 1.8 2.0 2.2 2.4 

(c) Relative track rate error. 

Figure 13.  - Concluded. 
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